Abstract. The reciprocal Pascal matrix is the Hadamard inverse of the symmetric Pascal matrix. We show that the ordinary matrix inverse of the reciprocal Pascal matrix has integer elements. The proof uses two factorizations of the matrix of super Catalan numbers.
Background
Definition 1.1. The reciprocal Pascal matrix is the matrix R whose (i, j)-element is
for 0 ≤ i, j.
The n × n reciprocal Pascal matrix is the initial segment of this matrix, R i,j for 0 ≤ i, j < n. (All matrices in this paper are indexed starting at 0.) The determinant of the inverse of the n×n reciprocal Pascal matrix is sequence A060739 in the Online Encyclopedia of Integer Sequences [2] . Katz asked about a formula for the determinant of this matrix in 2001 [3] . Israel stated the formula for the determinant of the reciprocal Pascal matrix, and conjectured that the inverse of the reciprocal Pascal matrix is an integer matrix [4] . The author suggested a proof that the inverse of the reciprocal Pascal matrix is an integer matrix in 2003 [5] , using an ad hoc factorization of the reciprocal Pascal matrix. This paper gives a proof that the inverse of the n × n reciprocal Pascal matrix is an integer matrix, using the matrix of super Catalan numbers [1] . The new proof is simpler than the previous proof, and it has the advantage of showing the formula for the determinant of the reciprocal Pascal matrix.
The Super Catalan Matrix
Definition 2.1. The super Catalan matrix is defined by
Multiplying both numerator and denominator by m!n! leads to the equivalent definition
We restate this equation as a matrix factorization in the next lemma. This lemma will give one of the two factorizations of the super Catalan matrix that will be used to prove our results. To state the lemma we need the definition of matrix G. 
Lemma 2.1. The super Catalan matrix has the factorization
where R is the reciprocal Pascal matrix and G is from definition 2.2.
The von Szily identity, equation (29) of [1] , is
Although the summation includes both positive and negative values of k, we can use the symmetry of the terms for positive and negative k to derive the LDL T decompostion of S.
Lemma 2.2. The super Catalan matrix S has the factorization S = LDL T where
and D is the diagonal matrix with D 0,0 = 1 and D m,m = (−1) m 2 for m > 0.
Proof. Since
n+k , the von Szily identity is equivalent to
This equation is equivalent to S = LDL T .
We remark that L is lower triangular with ones on the diagonal, so it has determinant 1, and its inverse is an integer matrix. Also, column 0 of L −1 is equal to the diagonal of D. The matrices L and L −1 are sequences A094527 and A110162, respectively.
Inverting the Reciprocal Pascal Matrix
In this section we prove results about the determinant and elements of the inverse of the n × n reciprocal Pascal matrix; we assume all matrices in this section are n × n. Equating the GRG and LDL T factorizations of the super Catalan matrix S, and isolating R gives the equation
Inverting both sides we have
The determinant of the n × n reciprocal Pascal matrix is clear from the factorization in equation (10). Sequences: A000984, A068555, A007318, A060739, A094527, A110162
